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Abstract—We consider high-dimensional MIMO transmissions
in frequency division duplexing (FDD) systems. For precoding,
the frequency selective channel has to be measured, quantized
and fed back to the base station by the users. When the number
of antennas is very high this typically leads to prohibitively high
quantization complexity and large feedback. In 5G New Radio
(NR), a modular quantization approach has been applied for
this, where first a low-dimensional subspace is identified for the
whole frequency selective channel, and then subband channels
are linearly mapped to this subspace and quantized. We analyze
how the components in such a modular scheme contribute to the
overall quantization distortion. Based on this analysis we improve
the technology components in the modular approach and propose
an orthonormalized wideband precoding scheme and a sequential
wideband precoding approach which provide considerable gains
over the conventional method. We compare the performance of
the developed quantization schemes to prior art by simulations in
terms of the projection distortion, overall distortion and spectral
efficiency, in a scenario with a realistic spatial channel model.

Index Terms—Massive MIMO, FDD, CSI quantization

I. INTRODUCTION

MASSIVE MIMO (mMIMO) communication [2] with
very large antenna arrays at the base station (BS) is

one of the key components in the 5G New Radio (NR). Using
mMIMO in downlink, however, relies on the availability of
high quality channel state information (CSI) at the transmitter
(Tx). In a Frequency Division Duplex (FDD) system the
channel has to be measured by the users, quantized, and then
fed back to the BS. FDD MIMO finite feedback principles
are well understood both in the single user [3]–[5] and
multiuser [6]–[8] context. With a high number Nt of BS
antennas, however, quantization complexity and the amount
of feedback can be prohibitively high. This problem becomes
particularly difficult in a multiuser-MIMO setting, where the
amount of feedback should scale with the Signal-to-Noise
Ratio (SNR) [6]. Conventional channel feedback techniques
utilize pre-defined codebooks to directly quantize and feed-
back the channel vector [4], [9]–[11]. For a desired accuracy,
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codebook size increases exponentially with the number of
antennas, which prevents their application in massive MIMO
networks, especially in frequency selective channels, where
feedback is needed for each coherence bandwidth. To this end,
the complexity and dimensionality for mMIMO CSI feedback
needs to be reduced.

In [4] it became clear that when quantizing a complex vector
in Nt dimensions for feedback, one deals with Grassmannian
quantization—the overall phase of the vector is irrelevant,
and the proper concept of distance is given by the chordal
distance. Vector quantization codebooks can be created, e.g.,
using computer search [4], [9], [10].

When the CSI to be quantized is not independent and
identically distributed (i.i.d.), and the covariance matrix is
known, one may perform vector quantization conditioned on
the source distribution. A more practical approach, applicable
to any channel covariance, was proposed in [9], [12]: an i.i.d.
vector quantization codebook is constructed, and the channel
covariance structure is imposed on the codebook by deforming
it with the square root of the covariance.

The complexity of designing and quantizing high-
dimensional CSI vectors has been addressed using product
codebooks [13], [14] and trellis coded line packing [15], [16].
In these, the Nt dimensions of the vector to be quantized
are divided in parts of a lower dimension L, and an L-
dimensional codebook is used to quantize the parts. These
should be designed based on an Euclidean distance criterion—
when combining the partial codewords, the phase becomes
relevant [15], and has to be properly taken into account when
combining multiple low-dimensional codewords to a higher
dimensional, either when computing trellis metrics [15], [16]
or by explicit quantization of combining phases [14], or by
joint designs resulting in codebooks that have good distance
properties both from the Euclidean and chordal distance per-
spective [17].

Recently, deep neural networks (DNN) have been applied
for mMIMO CSI feedback [18]–[20]. Compared to vector
quantization which imposes an overhead that grows linearly
with system dimensions, and also depends on channel sparsity,
DNN-based CSI feedback has promise to overcome complex-
ity, latency and limited accuracy drawbacks in capturing CSI.

Whether basing feedback on domain knowledge or DNN,
fundamental theoretical understanding on the feedback frame-
work, quantization objectives and distortion analysis is needed
as to understand the fundamental limits governing quantized
CSI feedback. This motivates our work.

Of particular relevance to our work are [8], [21]–[28] where
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modular/cascaded/two-tier/two-stage CSI feedback and/or co-
variance eigenspace quantization is considered. The low rank
of mMIMO channel covariance matrices was utilized to reduce
effective channel dimensionality. Modular multiuser-MIMO
feedback quantization was suggested in [8], [21]. For corre-
lated single user channels h ∈ CNt , the majority of channel
energy is in a low-dimensional subspace and it is sufficient
to feed back signal coordinates in this subspace. Users are
clustered such that users in a cluster are assumed to share
a K-dimensional subspace, described by an Nt × K unitary
matrix UK . Instantaneous CSI is then fed back by the users in
terms of a K-dimensional effective channel vector c = UH

K h.
In [22], a similar idea of two-tier precoding was pursued.

In [24]–[27], frequency selective mMIMO channels are
considered. Covariance matrices are estimated over the whole
bandwidth, and narrowband effective channel CSI is created
for multiple subbands. Both wideband covariance and subband
CSI are quantized and fed back to the BS. In [25]–[27],
array architecture aware precoding is performed, where the
feedback is optimized for known dimensions of a planar array.
In [28], two-tier precoding is performed in a multiuser MIMO
setting, where one tier is a subspace for a user group, and the
other for a user.

To use the modular approach in [8], [21], [22], [24]–
[27], the basis matrix UK has to be quantized using a
codebook W . Covariance matrix and covariance eigenspace
quantization has been considered in [21], [23]–[26], [29],
[30]. Matrix codebooks of unitary matrices characterizing
covariance eigenspaces are considered in [23]. In [29], channel
Gram matrices are constructed, and information about them
is fed back using scalar quantization of matrix elements.
Hierarchical quantization of Nt×K unitary (Stiefel) matrices
as well as K-dimensional subspaces was considered in [30]–
[32], where the dimensionality of the subspace decreases when
proceeding in the hierarchy. In contrast, [24]–[26] consider
independent vector quantization of the columns of UK , i.e.
codebooks of the form W = VK , where V is a codebook of
Nt × 1 vectors. For a given quantization accuracy, the size
of a vector codebook is the Kth root of the size of a matrix
codebook, which significantly reduces quantization complex-
ity. However, when a vector codebook is used, orthogonality
of the matrices cannot be guaranteed. In the matrix codebook
approach of [23], orthogonality of the K columns in UK

is always guaranteed. In [24], orthogonality is ensured by
sequence design, limiting the vector codebook size to Nt.

To have high descriptive power with manageable com-
plexity, high-resolution FDD feedback in 5G NR relies on
overcomplete vector quantization codebooks [25], [26]. This
enables high precision in describing UK , at the cost of a
potential loss of orthogonality. With a non-orthogonal basis,
good subband effective channel quantization might not result
in good overall quantization.

In this paper, we develop a modular CSI quantization
framework for massive MIMO networks with high precision
and low complexity. Design objectives for both wideband
quantization and subband quantization are studied, as well as
codebook construction. Our major contributions are:
• We show that the overall quantization distortion decom-

poses into two independent parts. One describes the
error of the wideband quantization of UK , the other
captures effective subband channel distortion. We find
a new criterion for measuring UK quantization quality,
which highlights the importance of improving wideband
quantization.

• We propose orthonormalized wideband precoding (OWP)
which implicitly feeds back unitary matrices despite using
high precision vector codebooks for independent quan-
tization of columns of UK . Thus despite using vector
codebooks, we guarantee orthogonality of the basis in
the fed back matrices, removing the drawback of using a
vector codebook. Furthermore, we mitigate the loss from
vector quantization by proposing a sequential wideband
precoding (SWP) scheme.

• We perform simulations in an FDD mMIMO scenario,
corroborating the theoretical results. Following the prin-
ciples of this paper leads to considerable gains.

This paper is organized as follows. Section II introduces
the system model. Section III derives the single user quanti-
zation problem from multiuser precoding. Section IV presents
the modular quantization method and discusses quantization
distortion partitioning. Section V introduces the wideband
quantization schemes OWP and SWP. Section VI discusses
subband effective channel quantization. Section VII presents
simulation results, Section VIII concludes the paper.

Notation: XT and XH denote the transpose and the conju-
gate transpose of matrix X, respectively. The Euclidean norm
of a vector x is |x|. Tr (X) denotes the trace of matrix X.

II. SYSTEM MODEL

A. Channel Model

We consider a Frequency Division Duplexing (FDD) mul-
tiuser multicarrier downlink massive MIMO channel in which
the transmitter has Nt antennas, and the U receivers have a sin-
gle antenna. The channels are frequency selective. We assume
OFDM, and model frequency selectivity on a subband basis,
such that there are S subbands for which CSI is gathered. For
simplicity we assume that the channel hu,s ∈ CNt×1 of user u
on subband s is the same for all subcarriers in a subband. The
received signals of all the users on a subcarrier c belonging
to subband s are

yc = HsZs xc + nc . (1)

Here Hs ∈ CU×Nt is a matrix where the subband channels
of the users are collected s.t. row s is hT

u,s. Zs ∈ CNt×U

is a Zero-Forcing (ZF) multiuser beamformer, xc ∈ CU×1

is the vector of the symbols transmitted to the users, and
nc is independent white Gaussian noise with variance N0.
Transmissions to different users are independent; we assume
E{xcxH

c } = IU . With total transmit power P , the power
constraint then becomes Tr (Zs ZH

s ) ≤ P .

B. Wideband and Effective Channels

In FDD, selecting the precoder Z requires feeding back
information from the receivers to the transmitter. We assume
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codebook based precoding, where each user u independently
quantizes its aggregate CSI {hu,s}Ss=1, using a common code-
book, and then feeds it back to the transmitter. As feedback is
independent, when discussing channel feedback, we suppress
the index u. We shall exploit a division to wideband and
subband channels for efficient feedback.

We assume that the channel of an individual user across
subbands is block Rayleigh-faded, so that it is distributed as
a complex Gaussian, with a joint distribution arising from
the multipath structure of the environment. The user channels
on subbands are samples from this distribution, and a user
has perfect knowledge of its own channels. From these, a
user can construct a sample covariance matrix which is an
estimate of Eh

{
h hH

}
. This form of the covariance is used

in the literature for capturing the wideband characteristic of
the channel [23], [24], [26]. However, in this paper we shall
prove that the normalized sample covariance

R̃ =
∑
s

hs hH
s / |hs|

2
=
∑
s

h̃s h̃H
s (2)

should be applied for feedback optimization. Here we defined
the normalized subband channel h̃s = hs/ |hs|. Note that the
sample covariance is user specific.

The aggregate CSI is captured by the sample covariance R̃
describing the wideband characteristics of the channel, and
subband specific coordinates describing the subband channels
in the basis given by R̃. Note that the normalization in (2) does
not change the fact that eigenvectors of R̃ span a subspace in
which all hs lie. We have the eigenvalue decomposition

R̃ = UΛUH, (3)

where for rank(R̃) = r ≤ Nt, Λ is an r × r diagonal
matrix of r positive eigenvalues arranged in descending order,
and U = [u1,u2, . . . ,ur] is the tall unitary Nt × r matrix
consisting of the corresponding eigenvectors uj . We also
define the singular values σj =

√
λj , j = 1, . . . , r, and the

matrix Σ = diag({σj}) =
√

Λ of singular values of
√

R̃.
We have UHU = Ir, the r-dimensional identity matrix, while
UUH = Πr is a projector to the r-dimensional eigenspace of
R̃. By construction we have Πrhs = hs.

Given R̃, the subband channel vectors can be expressed in
two ways as ideal subband effective channels: hs = U bs =
U Σ cs, where bs and cs are r × 1 vectors, given by

bs = UHhs (4)
cs = Σ−1bs = Σ−1UHhs . (5)

We have |bs| = |hs|, while the transformation to cs does not
preserve norm, cH

s Λcs = |hs|2.
The sample covariances of b and c with the same normal-

ization as in R̃ are
S∑
s=1

bsb
H
s = Λ ,

S∑
s=1

csc
H
s = I . (6)

The coordinates in bs are thus independently but non-
identically distributed (i.n.i.d.) while the effective channel
coordinates cs are i.i.d.

III. ZERO FORCING PRECODING WITH INCOMPLETE CSI
AT TX

The transmitter constructs a multiuser ZF precoder per
subband s, used on each subcarrier channel (1) belonging to
the subband, based on incomplete CSI fed back by the users to
the Tx. We divide the CSI to Channel Direction Information
(CDI), quantizations ĥu,s of the normalized channel vectors
h̃u,s, and Channel Amplitude Information (CAI) q̂u,s0 > 0,
quantizing |hu,s|. The CDI takes values in a user-specific
quantization codebook, ĥu,s ∈ H.

A. Bound on Expected Rate

The CDI of the users on the subband are collected to the
U × Nt matrix Ĥs, where row u is hT

u,s. We also divide
the precoder to a normalized part Z̃ and a diagonal power
allocation part As with diagonal elements au,s, as

Zs = Z̃sAs , (7)

were |zu,s| = 1. The power constraint now reads
Tr
(
Z̃H
s Z̃s A2

s

)
≤ P . As the subspace spanned by a set

vectors equals the subspace spanned by the corresponding
normalized versions, Z̃ does not depend on CAI, we have
Z̃s = Z̃s

(
Ĥs

)
. The ZF precoding vector z̃u is defined

as a unit norm vector in the subspace spanned by Ĥ∗s , s.t.
hT
v,szu = 0 for all v 6= u.
Assuming that xc in (1) are independent, and independent

from the noise, the Signal-to-Interference-plus-Noise Ratio
(SINR) on subband s at user u becomes:

γu,s =

∣∣hT
u,szu

∣∣2∑
v 6=u

∣∣hT
u,szv

∣∣2 +N0

=
ρu,s

∣∣∣h̃T
u,sz̃u

∣∣∣2
1 + ρu,s

∑
v 6=u

a2v
a2u

∣∣∣h̃T
u,sz̃v

∣∣∣2 , (8)

where ρu,s = a2
u |hs,u| /N0 is the Signal-to-Noise Ratio

(SNR) of user u on subband s. Assuming Gaussian codebooks
the rate of user u on subband s is lower bounded as [6]

Ru,s = ln (1 + γu,s) ≥ ln

(
1 + ρu,s

∣∣∣h̃T
u,sz̃u

∣∣∣2)
− ln

1 + ρu,s
∑
v 6=u

a2
v

a2
u

∣∣∣h̃T
u,sz̃v

∣∣∣2
 . (9)

We assume that a user grouping principle is applied to select
the U users served in the subband, e.g., users with near-
orthogonal channels ĥu,s may be selected. This results in

a distribution of βu =
∣∣∣ĥT
u,sz̃u

∣∣∣2 ∈ [0, 1]. We furthermore
assume a power allocation principle that jointly selects the
amplitudes au,s for all the users, based on the CAI qu,s and
the realizations of βu.

The true channel direction can expressed in terms of the
quantized CDI as

h̃u,s =
√

1− ε2 ĥu,s + ε‖ e‖ + ε⊥ e⊥ , (10)
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where quantization error has two parts, one in the subspace
spanned by the other user’s channels {hv,s}v 6=u, another in
the subspace orthogonal to all user’s channels. The directions
of these are given by the unit vectors e‖, and e⊥, respectively,
and the magnitudes add up as ε2‖ + ε2⊥ = ε2. In the wanted
signal component in (9) we thus have∣∣∣h̃T

u,sz̃u

∣∣∣2 = (1− ε2)
∣∣∣ĥT
u,sz̃u

∣∣∣2 = (1− ε2)βu ,

and in the interference-part∣∣∣h̃T
u,sz̃v

∣∣∣2 = ε21
∣∣e‖Tz̃v

∣∣2 = ε21δu,v ≤ ε2δu,v ,

for some δu,v ∈ [0, 1].
In [6], the distribution of quantization error was derived for

the case U = Nt, with channels chosen uniformly at random,
equal power allocation and random vector quantization, lead-
ing to a lower bound on the rate. This can be extended to any
U , user grouping, power allocation and quantization codebook
as follows.

For a user of interest, we average over the possible channel
states hs, and all possible other user’s channels given by a
grouping principle. We assume that the quantization of h̃u,s in
H is homogeneous; the magnitude ε of the quantization error
is independent of ĥu,s and the directions e‖, e⊥. From the
variables effecting the SINR, the power allocation amplitudes
av , the SNR ρ and the inner product β are thus jointly
distributed, while ε and the δu,v are independent.

With the definitions above, the rate bound (9) becomes

Ru,s ≥ ln
(
1 + (1− ε2)ρ β

)
− ln

1 + ε2ρ
∑
v 6=u

a2
v

a2
u

δu,v

 .

where we dropped the subscript from ρ and β. The first term
R1 can be further bounded as

R1 ≥ ln (1 + ρ β) + ln
(
1− ε2

)
≥ ln (1 + ρ β)− ε2

1− ε2
≥ ln (1 + ρ β)− ε2 .

We used the inequality x/(1 + x) ≤ ln(1 + x), valid for
x ≥ −1 [33]. When averaging over the channels, the second
term can be bounded using Jensen’s inequality. Defining
C1 = Eβ,ρ {ln(1 + ρ β)} and C2 = Eρ,a,δ

{
ρ
∑
v 6=u

a2v
a2u
δu,v

}
,

we get a lower bound for the expected rate:

Eβ,ρ,a,δ,ε {R} ≥ C1−Eε
{
ε2
}
− ln

(
1 + C2Eε

{
ε2
})

. (11)

B. Quantization Distortion

The chordal distance between two vectors x and y is

d(x,y) =

√
1− |x

Hy|2
|x|2|y|2

. (12)

According to (10), the quantization error is given by the
chordal distance, ε2 = d2(h̃s, ĥ) = d2(hs, ĥ). From (11)
it follows that the lower bound on rate is maximized if the

codebook H for quantizing hs is chosen to minimize the
quantization distortion

DH = Ehs

{
min
ĥ∈H

d2(hs, ĥ)

}
=
∑
ĥ∈H

EV (ĥ)

{
d2(hs, ĥ)

}
.

(13)
In the second expression, the distortion has been written as a
sum over the division of the domain of hs to Voronoi cells
V (ĥ) = {h | arg minq∈H d(h,q) = ĥ} centered at the
codewords ĥ ∈ H.

Our goal is to develop quantization schemes that minimize
distortion. Note that the distortion expressly considers quan-
tization of channel direction only. For the bound (11), the
quantization error in |hs| irrelevant. The decoupling of CDI
and CAI quantization is a consequence of ZF.

IV. MODULAR SINGLE USER CSI QUANTIZATION

In this section, the overall process of the developed modular
CSI quantization approach for a single-user codebook H will
be presented, followed by a discussion on partitioning quanti-
zation distortion between wideband and subband quantization.

A. Basic idea and earlier works of modular quantization

If the subband channels hs come from an arbitrary distribu-
tion, their quantization and feedback can be highly complex.
However, if we can assume that the channels from differ-
ent antennas are correlated, it is possible to apply modular
quantization [8], [21], [22], [24], [27] and reduce complexity
considerably. In this section we shortly review some of the
known results and then present our approach.

1) Modular quantization with ideal wideband quantization:
Let us assume that the covariance matrix R is fixed and we
have a budget of bits for feeding back wideband statistical data
of the channel pertaining to R, and a separate budget for feed-
ing back subband specific CSI pertaining to the coordinates cs.
In the extreme case with unlimited wideband feedback, the
BS knows U and Λ1/2 perfectly. For limited feedback, we
make the rank-K approximation of the covariance matrix. We
denote with UK the Nt×K matrix consisting of columns of
U ordered by the size of the corresponding eigenvalues, and
Λ and Σ are now K×K diagonal matrices with the K largest
eigen- and singular values.

Ideal subband quantization would then proceed as follows.
Given UK , the subband effective channel vectors can be
expressed in two ways as

bs = UH
Khs (14)

cs = Σ−1bs = Σ−1UH
Khs , (15)

where bs and cs are length K random vectors. Note that cs
is typically not unit norm. However, as the bound (11) is in
terms of chordal distance and does not depend on |hs|, we
may normalize cs. The user then quantizes cs to ĉs using a
K-dimensional Grassmannian line codebook Ĉ ⊂ GC(K, 1)
and feeds this information to the BS. The BS can construct
an estimate of hs as

ĥs = UKΣĉs. (16)
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The key point is that the modular approach reduces the
dimension of subband quantization from Nt to K. Due to the
unitarity of UK , good quantization on the effective channel
should lead in good quantization on the actual channel, as UK

captures most of the energy of hs.
2) Wideband quantization: For wideband feedback, either

a codebook of orthogonal matrices [23], [28] or a vector
codebook Ĉw for quantizing the Nt× 1 columns in UK [26],
[27] can be used. A scalar codebook is used for quantizing
the elements in Σ [26]. After wideband CSI feedback, the BS
has a matrix V, which is a quantized version of UK , and Σ̂,
which is a quantized version of Σ. Subband quantization now
proceeds as in (15,16) but replacing UK with V and Σ with
Σ̂. However, if the vector codebook Ĉw is overcomplete, as for
example in the high resolution alternative of 5G NR [25], there
is a high probability that V is not unitary, and the connection
between the channel and effective channel quantization is
partially broken. In the following we will show how we can
avoid this problem.

B. Outline of the Suggested CSI Quantization Method

In this section we will shortly describe our approach to the
quantization problem. In later sections we will elaborate on
each part of the quantization process.

While conventionally wideband feedback is based on quan-
tizing the covariance matrix R = Eh

{
hhH

}
[24], or a

normalized version Eh

{
hhH

}
/Eh

{
|h|2

}
[26], we instead

quantize R̃ of (2) and its singular value decomposition. The
motivation for this will be given in Section IV-C.

Aiming at K-dimensional effective channel feedback, we
proceed by quantizing UK column by column using some
vector quantization codebook Ĉw. As a result the user has
now an Nt × K matrix V consisting of quantized norm 1
vectors, which are fed back to the BS. These vectors are not
necessarily orthonormal.

However, we assume that the users and the base-station have
agreed on a method to orthonormalize the vectors V to a set
of column vectors W with WHW = IK and span(W) =
span(V). This method is independent of the structure of V
and is assumed to be shared at the same time as the codebook
Ĉw. Both the user and the BS perform this operation, after
which they both have the same matrix W. Exactly the same
number of bits can be used to feed back this matrix as feeding
back the original V. The matrix W is now used in place of
V for the rest of the quantization.

As V is transformed to W the singular values computed
from (3) do not characterize the relative weight of the columns
in W when describing subbands. Instead, for each column wj

in W, the user calculates wideband amplitudes

σj =
√

wH
j R̃wj (17)

and feeds back their scalar quantized versions σ̂j constituting
the diagonal matrix Σ̂.

After this, BS and user share the matrix W and the quan-
tized wideband amplitude matrix Σ̂. Using these matrices, the
subband feedback can be performed as in Equations (15) and

Fig. 1. Flowchart for general process of CSI quantization.

(16), replacing UK and Σ with W and Σ̂. The reconstruction
of the channel can be done as

ĥs = WΣ̂ĉs.

When W and Σ̂ are fixed, then any quantization codebook
C ⊂ CK , designed to quantize a K-dimensional effective
channel cs = Σ̂−1WHhs, induces a codebook [9], [12]

B =

{
Σ̂ĉ

|Σ̂ĉ|

∣∣∣ ĉ ∈ C

}
, (18)

which quantizes the K-dimensional effective channel
WHhs = bs. Furthermore it also induces a codebook for the
actual Nt × 1 channel hs by

H = WB = {ĥ = W b̂ | b̂ ∈ B} . (19)

The whole quantization process can now be divided to
three steps: spatial compression and wideband quantization, di-
mensionally reduced subband quantization, and reconstruction.
The users and the BS share information about the quantization
process, and the codebooks H,B, C. A flowchart is presented
in Fig. 1. The flowchart also contains terms that are not yet
defined, but we will elaborate on them later on.

C. Quantization Distortion Partitioning

To design a modular quantization scheme, we should under-
stand how the wideband and subband components in the quan-
tization procedure affect the overall quantization distortion. We
start by analyzing the overall subband channel distortion when
using a generic Nt×K wideband precoder V, resulting from
a wideband quantization procedure.

As orthogonality of vectors may be lost in quantization, a
generic quantized Nt ×K wideband beamforming matrix V
may not be orthogonal. We can orthogonalize it as:

V = WC−1 (20)

where W is an Nt ×K Stiefel matrix satisfying WHW = I

and C is a K × K matrix fulfilling CCH =
(
VHV

)−1
.

If Gram-Schmidt orthogonalization is used, (20) is the QR-
decomposition of V, with C the upper triangular Cholesky
factor of the basis correlation matrix. The wideband beam-
former defines a projection operator

ΠW = V
(
VHV

)−1
VH = WWH (21)
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mapping CNt to the K-dimensional subspace spanned by the
columns of V (and W).

We have a codebookH to quantize Nt-dimensional subband
channels h := hs. According to (12)-(13) we are interested in
how well the elements of H quantize h in terms of chordal
distance. Hence, all the codewords ĥ ∈ H satisfy |ĥ| = 1.

We can now decompose h to a component h‖ lying in
the column space of W, and to a component h⊥ in the
perpendicular subspace, lost in wideband quantization;

h = ΠWh + (I−ΠW )h := h‖ + h⊥ . (22)

We use shorthand notations h̃ = h/|h|, h̃‖ = ΠWh̃ = h‖/|h|
and h̃⊥ = h⊥/|h|. These fulfill

|h̃|2 = |h̃‖|2 + |h̃⊥|2 = 1. (23)

As ĥ is in the span of W we have h̃Hĥ = h̃H
‖ ĥ. The distortion

can thus be decomposed as

d2(h, ĥ) = |h̃‖|2 d2(h‖, ĥ) + |h̃⊥|2 . (24)

There is a component related to the distortion in the subspace
spanned by V, and a component arising from the part lost in
wideband quantization.

For a W and a normalized covariance R with Tr (R) = 1,
we define the projection distortion

dp(W,R) = 1− Tr (ΠW R) . (25)

With U and Σ the eigenvector and singular value matrices
of R, we see that this is nothing but the squared Euclidean
distance between UΣ and its projection to W:

dp
(
W,UΣ2UH

)
= ‖UΣ−ΠWUΣ‖2F . (26)

For W of (20) an orthogonalization of V, we have
dp(W,R) = dp(V,R).

As the projection operator ΠW maps CNt to the K-
dimensional subspace spanned by the columns of W, the
projection distortion measures the amount of power of R
outside the column space of the wideband beamformer W.
To minimize distortion, the wideband beamformer V should
capture as much power as possible from the covariance matrix
R in its column space. As such, the projection distortion
measures the accuracy of wideband quantization.

We can now formulate the central result of this paper,
governing the partition of quantization distortion between
wideband and subband quantization:

Proposition 1: Given an ensemble of random Nt×1 vectors
h, an Nt ×K matrix W and a quantization codebook H in
the subspace spanned by W, the quantization distortion is

DH = Eh

{
|h̃‖|2 min

ĥ∈H
d2
(
h‖, ĥ

)}
+ dp(W, R̃)

where R̃ is the covariance (2) of normalized vectors h̃, dp is
the projection distortion of (25), and h‖ = ΠWh, with ΠW

the projector to the column space of W.
Proof: Following (13), we first compute the expectation

over h in a Voronoi cell V with centroid ĥ. From (24) we get

EV

{
d2(h, ĥ)

}
= EV

{
|h̃‖|2d2(h‖, ĥ)

}
+ EV

{
|h̃⊥|2

}
.

It follows from (23) that

EV

[
|h̃⊥|2

]
= 1− EV

[
|h̃‖|2

]
= 1− EV

[
Tr(ΠW h̃h̃H)

]
.

Since the expected value commutes with trace and multipli-
cation with constant matrices, the expectation acts only on
h̃h̃H in the last term. The result follows by summing over all
Voronoi cells, and using (2).

Here R̃ is indeed the covariance of the directions h̃ of the
subband channel vectors, the channels are normalized before
computing the covariance. It is normalized as:

Tr (R̃) = Eh

{
Tr (h̃h̃H)

}
= Eh

{
h̃Hh̃

}
= 1 , (27)

thus the projection distortion is well-defined for it.
It is worth noting that minimum distortion quantization

in Proposition 1 is performed in the codebook H of Nt-
dimensional vectors. To reduce subband quantization com-
plexity, quantization should be performed directly on K-
dimensional effective channels b or c. We thus use a codebook
B to quantize the K × 1 effective channels. With wideband
precoder V, the induced codebook for h is H = VB = {ĥ =
V b̂ | b̂ ∈ B} . K-dimensional minimum chordal distance
quantization

b̂ = arg min
b̂∈B
{ d(b, b̂) } (28)

may now be performed, given effective channels b. For the
resulting Nt-dimensional codeword Vb̂ to be the same as
the minimum distance codeword arg minĥ∈VB d(h, ĥ) in Nt
dimensions, the mapping V between Nt and K dimensions
has to preserve chordal distance. We have:

Lemma 1: Consider a linear mapping V ∈ CNt×K map-
ping b ∈ CK to h = Vb ∈ CNt . V is an isometry w.r.t. the
chordal distance,

d(h1,h2) = d(b1,b2), (29)

if and only if VHV ∼ IK .
Proof: Let us assume that VHV ∼ IK . Recalling (12)

and noticing that

|(Vh1)HVh2| = |hH
1 h2|

it follows that orthogonality implies isometry. To complete
the proof, we need to show that non-orthogonality implies
non-isometry. For this, first assume that VHV = C, with
an off-diagonal element cij 6= 0 for some i 6= j. Take the
K-dimensional unit vectors ei and ej . These are orthogonal,
such that d(ei, ej) = 1. In the Nt-dimensional space, Vei and
Vej have a non-vanishing inner product. This is not changed
by normalization, thus d(Vei,Vej) < 1. If C is diagonal,
but not proportional to identity, there exists some i, j for
which cii 6= cjj . Now the chordal distance between the K-
dimensional vectors ei and (ei + ej) /

√
2 is not preserved by

V.
For an orthogonal wideband precoder W, we define the

subband quantization distortion of (28) as

DB = Eh

{
min
b̂∈B

d2(WHh, b̂)

}
. (30)

From the results above it now follows
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Fig. 2. Quantization error partition.

Corollary 1: For quantization codebook H = WB with
orthogonal W, the overall distortion is upper and lower
bounded as:

dp(W, R̃) ≤ DH ≤ DB + dp(W, R̃) .

Proof: The first inequality is a direct corollary of Propo-
sition 1. To prove the second inequality, we again use Propo-
sition 1. Since |h̃‖|2 ≤ 1 we have

Eh

{
|h̃‖|2 min

ĥ∈H
d2
(
h‖, ĥ

)}
≤ Eh

{
min
ĥ∈H

d2
(
h‖, ĥ

)}
.

The second inequality now follows by using Lemma 1.
Fig. 2, and the following conclusions summarize our find-

ings of the theoretical basis for modular CSI quantization:
• Quantization performance depends on two independent

parts: wideband distortion, characterized by dp(W, R̃),
and a subband distortion, which depends on the codebook
H. Improving either part improves the overall quantiza-
tion (Proposition 1).

• If W is fixed, even perfect subband quantization does not
provide perfect overall quantization due to dp(W,R).

• With orthogonal W, improving subband effective channel
quantization by reducing DB directly reduces overall
distortion (Corollary 1).

Note that the analysis above reveals how the subband
distortion is given by the orthogonal component W, while
the singular values Σ affect the effective subband channel
distortion DB.

V. WIDEBAND QUANTIZATION

We consider a situation where multiple MIMO channels are
operated in parallel on subbands in the frequency domain,
and the frequency-selective channels are correlated between
subbands as discussed in Section II.

A. Eigenvector Quantization

In this section we consider wideband quantization pertaining
to using a budget of bits for feeding back information about the
K largest eigenvectors of a covariance matrix R as precisely
as possible. From Proposition 1, the objective of wideband
quantization is to find

W = arg min
W̄∈W

dp(W̄, R̃) (31)

where dp(W̄, R̃) is the projection distortion (25), and W
is a codebook of Nt × K matrices. As we are separately
interested in the K columns, Grassmannian codebooks [23],
[28], [31], [32] of K-dimensional subspaces are not of interest.
Also, due to the modular design in mind, the phases of the
K columns are irrelevant. Accordingly, codebooks of generic
Nt×K unitary (Stiefel) matrices [30] are not of interest either.
Pertinent matrix codebooks would quantize the flag manifold
ones [34], i.e. Stiefel matrices modulo scalar column rotations.

We stress that in contrast to the literature [24], [26], we
use the sample covariance of the normalized subband chan-
nels h̃. According to Propostion 1, this quantity governs the
contribution of wideband quantization to overall distortion.

Motivated by Lemma 1, we want to feed back information
about orthonormal matrices. Orthonormality can be guar-
anteed by directly using a matrix codebook consisting of
orthogonal matrices [23], [28], [30], [34]. To minimize the
projection distortion, it is essential to have a high granularity
ofW . If matrix codebooks of the kind of [23], [28], [30], [34]
are used, high granularity leads to high complexity. In [25]–
[27], complexity is kept at bay by using a high-granularity
Grassmannian vector codebook V to quantize the eigenvectors
one by one. The quantization process in [25], [26] proceeds
as a series of parallel exhaustive searches for the optimal
codewords each of which quantizes one column of UK :

vk = arg min
v∈V

d(uk,v) for k = 1, 2, . . . ,K , (32)

and the wideband feedback matrix becomes V =
[v1,v2, . . . ,vK ]. The codebook V consists of Nt-dimensional
unit norm vectors, i.e. V , {v̂1, v̂2, . . . , v̂2B} and has cardi-
nality 2B . The complexity of finding a codeword using (32)
is the Kth root of the complexity of finding a codeword in
matrix codebook W with the same granularity. Columnwise
Grassmann line quantization has the added benefit that it
operates natively on the flag manifold, as opposed to a matrix
Grassmann [23], [28], [31], [32] or Stiefel [30] quantization.

However, if V is overcomplete, there is a high probability
that VVH 6= INt . According to Proposition 1, this breaks
the connection between subband channel and effective channel
quantization. Which is to say, the basis spanned by a typical
V is probably independent but not orthogonal, which causes
errors when quantizing the subband channel using V.

Motivated by this, we develop two wideband quantiza-
tion approaches, namely orthonormalized wideband precod-
ing (OWP) and sequential wideband precoding (SWP), that
improve not only the quality of wideband feedback but also
the accuracy of subband channel projection—they enable
high-granularity feedback of orthogonal bases, with the same
complexity as (32).

1) Orthonormalized Wideband Precoding (OWP): We aim
at Nt × K dimensional wideband feedback, using a vector
codebook V , and an independent quantization (32) of eigen-
vectors. The quantization data pertaining to the resulting V is
fed back to the BS.

It is important to distinguish between V with columns in
V , and the orthogonal basis matrix W used to compute the
subband feedback. We assume that the users and the BS have
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agreed on a method to orthonormalize the vectors V. There is
a deterministic function which produces an orthogonal Nt×K
matrix from a generic Nt × K matrix, e.g. Gram-Schmidt
orthogonalization;

W = orth(V) , (33)

which would recover precisely the result of the QR-
decomposition in (20). This method is shared at the same time
as the codebook V . Exactly the same number of bits can thus
be used to feed back the orthogonal W as feeding back the
original V.

The user constructs the orthogonal W and uses it to
compute the effective channels. The BS similarly constructs
W from V and uses it as the basis in which subband feedback
is interpreted.

In [28], scalar quantization is used to feed back infor-
mation of a rectangular unitary matrix, and the recipient of
the feedback extracts the unitary columns. The difference to
OWP is that in OWP, both the user and the BS perform
orthogonalization using the same orthogonalization algorithm,
and the user uses the orthogonalized W to determine and the
BS to interpret subsequent feedback.

2) Sequential Wideband Precoding (SWP): In [27], a se-
quential method to find codewords v ∈ V was presented,
with the objective to find the best basis V of K vectors for
Nt-dimensional vectors h. Here, we use a similar approach
to find V and to orthogonalize it. In [27], the equivalent
channel coordinates were computed by pseudoinversion, and
the BS used V when reconstructing the channel. In contrast,
we compute the equivalent channel using the orthogonalized
W, and the BS uses W; the users and the BS use the same
orthogonalization principle.

The intuition of SWP is to provide a self-correction capabil-
ity to the quantization process. The quantization of eigenvector
k may not only convey information about the eigenvector uk,
it may also convey information about the errors of quantizing
the eigenvectors uj of higher eigenvalues j < k.

For this, define a projector Π⊥ updated in each iteration
j, and initialized at the identity matrix. For convenience, we
denote its value at iteration j as Π⊥, j, and Π⊥0 = INt

. This
matrix characterizes the perpendicular space of all previous
feedback vectors. In the j-th iteration we calculate the projec-
tion of the covariance matrix R̃ to the current perpendicular
space Π⊥j−1:

R̃j = Π⊥j−1 R̃ Π⊥j−1, j = 1, . . . ,K. (34)

Then the strongest eigenvalue eigenvector ej,1 of R̃j is found
using, e.g., the power method. Utilizing the vector quantization
codebook we then quantize ej,1 to vj ∈ V .

Next, we project the quantized strongest eigenvector vj to
the perpendicular space of the previous codewords:

ṽj = Π⊥j−1vj , (35)

and orthonormalize it to wj = ṽj,q/|ṽj |. Finally, the perpen-
dicular space is updated to

Π⊥j = Π⊥j−1 −wjw
H
j . (36)

Algorithm 1 Sequential Wideband Precoding (SWP)
1: Initialization
2: Π⊥0 = INt

3: Wideband Quantization
4: for j = 1, 2, . . . ,K do
5: Project R̃ to Π⊥ using (34): R̃j

6: Find strongest eigenvector ej,1 of R̃j

7: Quantize ej,1 using wideband codebook to vj
8: Project vj to Π⊥ with (35), normalize: wj

9: Update Π⊥ with wj using (36)
10: end for
11: Output
12: Obtain basis matrix W = [w1,w2, . . . ,wK ]
13: Obtain feedback matrix V = [v1,v2, . . . ,vK ]

Note that in each iteration, Π⊥j is a projector;
(
Π⊥j
)2

= Π⊥j
and

(
Π⊥j
)H

= Π⊥j .

After K iterations, the user feeds back the matrix V =
[v1,v2, . . . ,vK ] consisting of K codewords in the vector
quantization codebook V to the BS. The user applies the
corresponding orthogonal matrix W = [w1,w2, . . . ,wK ]
when deriving subband feedback. The BS, knowing the SWP
algorithm, can reproduce W from V, and uses it as the basis
when interpreting subband feedback.

SWP is summarized in Alg.1. When considering this as
an algorithm for sequentially finding a V, there is a crucial
difference to [27]. In Alg.1, projectors act on the remainder,
while in [27], projectors act separately on each codeword in
V at each stage of the algorithm. This results in considerably
higher computational complexity than Alg.1.

To formulate a performance measure, we need a techni-
cal characterization of codebooks. We consider covariance
matrices R̃ with continuously distributed eigenvectors, and
a codebook V quantizing vectors u in this distribution to
points v ∈ V that are at most at chordal distance r from
u. The quantization can be characterized by the inner product
uHv of the normalized vectors. If the probability distribution
of inner products across all u and their corresponding v
does not depend on the phase of the inner product, and is
a non-increasing function of the chordal distance d(u,v),
we call the quantization radial, and the chordal distance is
the quantization error. For a more detailed discussion, see
Appendix A.

Note that OWP of Section V-A1 does not reduce the
projection distance as compared to using the possibly non-
orthogonal W produced by parallel quantization in (32). OWP
only produces effective channels which can be quantized based
on isometry. In contrast, for SWP we have:

Proposition 2: Assume a radial codebook V for quantizing
the distribution of eigenvectors of R̃, with maximal quantiza-
tion error r ≤ 1/

√
2. SWP of Algorithm 1 provides a smaller

projection distortion than OWP of (32).

Proof: See Appendix A.
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B. Wideband Amplitude Quantization

Quantizing the real-valued singular values Σ is rather
straightforward. There is a budget of bits for feeding back
information about them, and scalar quantization can be directly
used. With quantized V, and especially with orthogonalized
W, the singular values computed from (3) do not characterize
the relative weight of the columns in W when describing
subbands. Instead we calculate wideband amplitudes (17)
for each column wj in W, and feed back scalar quantized
versions {σ̂j}.

VI. SUBBAND EFFECTIVE CHANNEL QUANTIZATION

Now we concentrate on quantizing subband-specific effec-
tive channel coordinates. The BS and user share a Nt × K
wideband basis matrix W which reduces dimensionality of
subband channels to K, and the quantized wideband amplitude
matrix Σ̂. The K-dimensional effective channel bs = WHhs
becomes (4) for perfect wideband feedback. It is not i.i.d., but
according to Lemma 1 it is an isometry for orthogonal W.
The effective channel cs = Σ̂−1bs becomes the i.i.d. (5) for
perfect wideband feedback. The squared chordal distance for
the quantization is

d2(hs, ĥ) = 1−
∣∣∣hH
s ĥ
∣∣∣2 = 1−

∣∣∣bH
s b̂
∣∣∣2 = d2(Σ̂ cs, Σ̂ ĉ) .

(37)
Thus, if quantizing cs, we should use the quantization metric
(37) instead of chordal distance.

A. Vector Quantization from Deformed i.i.d. Codebook

Following [9], [12], an i.i.d. vector quantization codebook
C may be deformed with Σ̂ to B of (18), which is then used
to quantize bs, minimizing (37). Even with a relatively small
K, the precision required from the i.i.d. codebook C may be
prohibitive for applying full-fledged vector quantization. We
shall use product codebooks (PCB) [14]–[16] with a trellis
structure based on N` < K -dimensional component codes.
With Nb bits per component, we use Nt/N` × Nb bits in
total. To deform the quantization according to [9], [12], we
incorporate Σ̂ to the trellis metric in a blockwise manner,
corresponding to the component code being processed.

B. Scalar Quantization with Adaptive Bit Allocation

As an alternative, scalar quantization of the entries of cs
may be applied, with adaptive bit-allocation derived from Σ̂.
Further simplification can be achieved by separately quantizing
phase and amplitude [35]. Scalar quantization has the benefit
that large codebooks can be used with limited quantization
complexity, as quantization is coordinate by coordinate. The
normalized subband effective channel c is a K×1 i.i.d. vector
c = [c1, c2, . . . , cK ]T. As overall phase is irrelevant, one of
the coordinates acts as phase reference. The objective is to
minimize (37).

1) Bit Allocation in Extrinsic Order: In 5G NR [25], [26],
quantization bit allocation is based on the order of singular
values σ̂i. This ordering is extrinsic to the effective channel
coordinates ci. The coordinate cmax with largest σi is used
as phase and amplitude reference. For m the coordinates with
the next largest σj , cj/cmax are uniformly quantized in phase
with B` bits and in amplitude with one bit to {1, 1/

√
2}. The

power ratio in the codebook is thus η = 2. For the remaining
K−(m+1) coordinates, amplitudes are quantized to 1/

√
2 (no

bits), while Bs < B` bits are used for the phases. The number
of bits used for quantizing c is thus L = (B`+1)m+Bs(K−
m− 1).

2) Bit Allocation in Intrinsic Order: Starting from first
principles we develop an adaptive bit allocation principle
taking the sizes of cj into account. Accordingly, this scheme
is based on an intrinsic order. When using coordinate-specific
codebooks Ci divided to separate amplitude and phase parts,
the crucial observations to make from (14,37) are that ef-
fective channel coordinates ci are fading CN (0, 1) random
variables; as they are i.i.d., their quantizations should have the
same mean energy Eĉi∈Ci

{
|ĉi|2

}
= a2; subject to this, the

weighted inner product
∣∣∣cHΛ̂ ĉ

∣∣∣ =
∑K
j=1 σ̂

2
j |c∗j ĉj | should be

maximized. The contribution of ĉj to feedback error depends
on the weighted amplitude σ̂j |cj |. Following these principles
we first normalize c, and then quantize all amplitudes with
one bit. Assuming perfect phase quantization, for Rayleigh
fading variables the optimum quantization levels have a power
ratio of η ≈ 5, see [36]. Denoting the quantized amplitude of
coordinate ci as âi, we use αi = σ̂i âi to order the coordinates
for phase bit allocation. The coordinate with largest αi is used
as phase reference. To the coordinates with the m next largest
αi, we allocate B` phase bits, while to the K − (m + 1)
coordinates with smallest αi, we allocate Bs phase bits. The
total number of subband quantization bits required becomes:
L = K +B`m+Bs(K −m− 1).

VII. SIMULATIONS

The simulation results are organized as follows: Sec.VII-B-
Sec.VII-D show the results of wideband, subband and overall
quantization in order, as summarized in Table I. We compare
the quantization performance of different methods and select
superior methods (in red) for subsequent comparisons.

A. Settings and Schemes

For simulating the developed modular CSI quantization
scheme, we need a channel model with a realistic combination
of channel directivity and frequency domain correlation, as
well as a realistic model of an mMIMO antenna array.

1) Channel Model:
The BS has a Uniform Planar Array (UPA) with Nt = 32

antennas, divided into 8×2×2 horizontal × vertical × polar-
ization elements, depicted in Fig. 3. The center frequency is
1.84 GHz and the bandwidth is 18 MHz with 1200 subcarriers
divided into S = 30 subbands. We use QuaDRiGa V2.0.0 [37]
to generate MIMO channels with 3GPP 38.901 UMa NLOS
settings, assuming 8 scattering clusters and a ratio of 80%
indoor users.
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TABLE I
QUANTIZATION METHODS SIMULATED

Fig. Quant. problem distortion metric CB Benchmark
4 WB vector chordal TSODFT, DD TSODFT
5 WB matrix projection TSODFT, DD TSODFT

OWP, SWP OWP
RB00B , RB+B−,R R

6 Subband chordal PCB, INT5, EXT2 EXT2
7,8 Overall chordal IND, OWP, SWP IND

quantization PCB, INT5, EXT2 EXT2
TSODFT, RB00B

9 MU-MIMO ZF Spec. Eff. IND+EXT2, OWP+INT5, SWP+INT5 IND+EXT2
TSODFT, RB00B
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Fig. 3. (8× 2× 2)-element UPA diagram illustration.

We model a 120-degree sector of a base station, and 1000
single-antenna users are dropped uniformly at random within
250 m from the BS in the sector. Users have omnidirectional
antennas, and as we only take users in one sector, BS antennas
are considered omnidirectional as well. For each user, the
covariance matrix R̃ is found by averaging over subbands.

2) Polarization Decomposition of Channel:
With the UPA antenna arrangement of Fig. 3 the subband

channel vector h is a 3D Kronecker product [38]:

h = hh ⊗ hv ⊗ hp .

Here hh,hv,hp denote the horizontal, vertical and polar-
ization parts with 8, 2, 2 elements, respectively. The channel
covariance matrix R̃ and the wideband codebook for W are
correspondingly decomposed.

Different polarizations of BS antennas are weakly corre-
lated within a sector, see [39]. This can be used to reduce
feedback pertaining to R̃. We rearrange the channel vectors
into hT = [hT

+, hT
−], according to the +/− polarization. In

addition to quantizing the fully-occupied covariance matrices,
we consider two reduced alternatives assuming weak cross-
polarization correlation. The correlations of the two polariza-
tions are assumed either the same, or different:

RB+B− =

[
B+ 0
0 B−

]
or RB00B =

[
B 0
0 B

]
. (38)

Here B, B+ and B− are Nt/2 × K/2 matrices, and B =
(B+ + B−)/2. In simulations, the K = 8 strongest eigenvec-
tors of R̃ are used, while for B, B+, or B−, the K/2 = 4
strongest are quantized.

3) Wideband Quantization: For quantizing the covariances
arising in the three polarization partition methods above, we
apply

• IND: the standardized method used in [25] where wide-
band vectors are independently quantized; W and Σ̂ are
direct quantizations of U and Σ from (3).

• OWP: W is orthogonalized, wideband amplitudes are
(17) and effective channels (15).

• SWP: W is orthogonalized with Alg.1.
The singular values or wideband amplitudes {σj} are scalar

quantized. The strongest beam is indicated and the amplitudes
of the remaining K − 1 beams are quantized by 3 bits each
using the codebook {1/

√
2m}6m=0 ∪ {0} from [25].

4) Wideband Vector Quantization Codebooks: Follow-
ing [26], [27] we apply array architecture aware precoding
for UPA. We decompose wideband vector codebooks as Vh⊗
Vv⊗Vp, where Vh,Vv and Vp quantize the horizontal, vertical
and polarization dimensions, respectively. We use oversampled
DFT codebooks for Vh and Vv in respective dimensions, re-
sulting in a Tensored Oversampled DFT (TSODFT) codebook.
In the fully-occupied case, for Vp we use a 2-bit binary chirp
(BC) codebook [40], which is an ideal i.i.d. codebook of this
size.

We also use data-driven (DD) Grassmann quantization code-
books, found by applying the Lloyd algorithm to a training set
of eigenvectors of wideband covariance matrices. Compared
with random vector codebooks, data-driven Grassmann quan-
tization codebooks take the distribution of data samples to be
quantized into account, reducing distortion.

5) Subband Quantization Codebooks: For subband feed-
back, we use the options
• Correlated vector quantization based on a product code-

book, denoted as PCB
• Adaptive scalar quantization with extrinsic order and

power ratio η = 2, denoted as EXT2
• Adaptive scalar quantization with intrinsic order and

power ratio η = 5, denoted as INT5
PCB is discussed in Section VI-A, and the scalar quantizations
in Section VI-B.

B. Wideband Quantization Performance Comparison

1) Vector Quantization Distortion w.r.t. uk: We first com-
pare the wideband vector quantization codebooks used for
quantizing the K = 8 strongest eigenvectors uk of sample
covariance matrices. In Fig. 4 we see that with smaller num-
bers of bits, the array architecture aware TSODFT codebook
performs better than the data driven one, while with increasing
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Fig. 4. Wideband vector codebook distortion. Tensored Oversampled
DFT (TSODFT) vs. Data Driven (DD) codebooks.
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Fig. 5. Wideband matrix projection distortion. Four combinations of
codebooks (TSODFT or DD) and matrix quantization principles (OWP
or SWP) for different polarization decompositions.

numbers of bits, the DD codebook is able to learn the
distribution of the eigenvectors, resulting in smaller distortion.

2) Projection Distortion w.r.t. R̃: We compare OWP and
SWP w.r.t. the projection distortion (31) under three polar-
ization structures, RB00B , RB+B− od (38), and the fully-
occupied R, for TSODFT and DD codebooks.

In Fig. 5, each of the twelve combinations is simulated for
several codebook sizes, and projection distortion is reported
against the total number of bits.1 Recalling that the projection
distortion dp does not depend on orthogonalization, the same
distortion arises for OWP and independent vector quantization
IND, while SWP may have different dp. In Fig. 5, SWP
outperforms IND/OWP for all polarization structures, which
agrees with Proposition 2. In most cases the gap between SWP
and IND/OWP is large. When the number of bits increases,
saturation can be observed for TSODFT, in accordance with
Fig. 4. Interestingly, when the number of bits increases, OWP
and SWP converge for DD. The reason is that when the data
driven approach starts to learn an appropriate quantization for
the eigenvectors of the channels, the gain provided by SWP
in correcting quantization errors for the largest eigenvectors
reduces.

Polarization structure RB00B provides the best trade-off be-
tween performance and codebook cardinality. Fully-occupied
SWP yields the lowest dp, at the cost of twice the number of
bits. We focus on RB00B and TSODFT below due to easy
implementation and good performance.

C. Subband Quantization Performance Comparison

We compare subband quantization schemes in terms of the
distortion DB of subband effective channel quantization. Here,
a subtle effect comes into play. A given R̃ has singular values

1For clarity, the overlapping points from RB+B− are removed. The
product of the TSODFT codebook over-sampling ratios in horizontal and
vertical dimensions is ω = 2n, n ∈ [2, 9]. The best division of oversampling
between horizontal and vertical is applied. The total number of bits used for
feeding back W is log2(ωNt/2)K/2 for RB00B , log2(ωNt/2)K for
RB+B− and log2(ωNt)K for the fully-occupied case.

Σ, with a spread σmax − σmin. The correlation structure Σ̂
of subband quantization, however, depends on the wideband
quantization scheme. With wideband quantization precision
decreasing, the spread of Σ̂ decreases and the volume of the
subband effective channel space WHhs and the corresponding
distortion DB increases. In Fig. 6 we consider DB with ideal
wideband quantization and with OWP. EXT2 and INT5 based
on scalar quantization with bit allocation, as well as correlated
PCB are considered. 2 PCB performs the best followed by
INT5 while EXT2 is the worst. Hence, we focus more on
comparing INT5 and PCB below. In OWP with smaller
singular value spread than with ideal wideband quantization,
INT5 almost catches up with PCB. For SWP, the DB-values
would be closer to the ideal case, while for IND, considering
DB does not make sense as the independently quantized V is
not an isometry of chordal distance.

D. Overall Quantization Distortion

Next we consider the overall quantization distortion DH =
Ehs [d(ĥs,hs)

2]. For OWP and SWP wideband feedback we
consider INT5 and PCB, according to Fig. 6. For indepen-
dent wideband quantization we consider all three subband
quantization schemes, EXT2, INT5 and PCB. TSODFT with
over-sampling ratio ω = 16 is used for polarization structure
RB00B .

The resulting overall distortion vs. the number of bits for
subband quantization is reported in Fig. 7.3 For OWP, the per-
formance difference between PCB and INT5 is fully captured

2For PCB, we use between 10 and 50 bits per subband, adjusting
the values of Nb and Nl. For EXT2 and INT5, the number of strong
beams m varies from 0 to 7 with phase bit allocations (Bl, Bs) ∈
{(3, 2), (4, 3), (5, 4), (6, 5)}.

3Here independent wideband quantization uses pseudoinversion for deriving
effective channels which gives higher accuracy quantization. Feedback sizes
L ∈ {24, 26, 28, 35, 42, 49} bits per subband coordinate are considered. For
these, we have (Bl, Bs) = (3, 2) and m = 5, 6, 7 for EXT2 and m = 2, 4, 6
for INT5. In addition we have m = 7 for EXT2 and m = 6 for INT5, and
(Bl, Bs) ∈ {(4, 3), (5, 4), (6, 5)}, c.f. Section VI-B. PCB is generated with
Nl = 2 and Nb = 6, . . . , 12.
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Fig. 6. Subband codebook distortion with ideal wideband quantization,
and with OWP, for subband codebooks EXT, INT and PCB.
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Fig. 7. Overall distortion comparison. Combinations of wideband
matrix quantization principles (IND,OWP,SWP) and subband codebooks
(INT5,EXT2,PCB) for WB vector codebook TSODFT, and polarization
structure RB00B .
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Fig. 8. Difference between total distortion DH and upper bound DB+
dp of Corollary 1, valid for orthogonal wideband feedback (OWP).
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Fig. 9. Multiuser scenario: Spectral efficiency with 4 users: SWP, OWP
and IND with/without pseudoinversion (PI).

by the subband performance in Fig. 6, in concordance with
Corollary 1. The gain of PCB is enhanced when combined
with SWP, and for both OWP and SWP, the total distortion is
lower bounded by the corresponding projection distortion, in
line with Proposition 1 and Corollary 1. For OWP and SWP
are dp = 0.122 and 0.01, respectively, plotted with dashed
lines. For IND, EXT2 outperforms IND5, as expected from
[25]. PCB, however, outperforms EXT2 also for IND.

To verify the validity of the upper bound in Corollary 1,
we have plotted the difference between the overall subband
channel distortion DH and the upper bound DB+dp in Fig. 8,
for OWP and IND. Subband effective channel distortion DB
is calculated for the actual distribution of subband channels
arising for a given wideband channel quantization, e.g., for
OWP with PCB and INT, the DB from Fig. 6 are used. As
OWP is based on orthogonal wideband feedback, Corollary 1
holds, and accordingly we see that the difference is ≤ 0.
For IND, the corollary does not hold—we see that for non-
orthogonal wideband feedback, the channel distortion DH

may be much larger than what would be expected based on
the part of the channel projected out, dP , and the subband
effective channel distortion, DB.

E. Multiuser Spectral Efficiency

To understand the effects of finite granularity modular CSI
feedback on communication rate, we evaluate performance
in a multiuser scenario with M = 4 single antenna users.
The subcarriers are divided into S = 25 subbands each
with 48 subcarriers. All users are simultaneously served in
the subbands. Based on CSI fed back from the individual
users, the BS performs zero forcing (ZF) precoding on each
subband. The three wideband quantization schemes from Sec-
tion VII-A3 are compared, with their respective best subband
quantization with 24 and 28 bits.4 All users are assumed to

4To quantize c, we use parameters (Bl, Bs) = (3, 2) and m = 5/7 (IND)
or m = 2/6 (OWP and SWP) to get 24/28 bits.
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have the same SNR. As a benchmark, ZF spectral efficiency
with perfect channel state information at Tx is considered.

Average single user spectral efficiency R = log2(1 + γ)
with γ the ZF-SINR of a user is plotted vs. SNR in Fig. 9.
Simulations corroborate the theoretical principles discussed of
sections IV-C and V. OWP outperforms independent quan-
tization by more than 25%, while SWP outperforms OWP
by more than 8%. Only nominal gain is achieved if users
apply pseudoinversion to compute the coordinates with inde-
pendent quantization, while the BS uses V. Increasing the
effective channel quantization granularity improves OWP and
SWP considerably, while providing little gain for independent
quantization, confirming the distortion result in Fig. 7.

VIII. CONCLUSIONS

We have addressed modular CSI quantization for massive
MIMO systems. Analyzing the separation of feedback to a di-
mensionality reducing wideband part and a lower-dimensional
subband part, we found quantization objectives for optimal
modular quantization. We show considerable performance
improvement in a mMIMO scenario when applying these
principles. An orthonormalized wideband precoding (OWP)
scheme and a sequential wideband precoding (SWP) scheme
are developed. Sharing a wideband feedback orthogonaliza-
tion principle between the transmitter and receiver makes it
possible to accurately quantize the lower-dimensional sub-
bands. Without shared orthogonalization, improved subband
quantization is not guaranteed to improve overall quantization
accuracy.

It is worth noting that our central result, Proposition 1, holds
for any situation where processing of a vector is divided to
two stages, where in the first stage the vector is dimensionality
reduced to a subspace, and where the quality of the processing
is measured by the chordal distance. Accordingly, this result
readily generalizes to CSI feedback in a situation with multiple
Rx antennas. This also extends the applicability of our results
to mainstream Time Division Duplexing mMIMO, e.g. to
front-hauled distributed processing for mMIMO, especially in
the cell-free mMIMO case.

APPENDIX

A. Proof of Proposition 2

We first prove a needed lemma, and its corollary. We
investigate quantization codebooksH in the space of unit norm
Nt-dimensional complex vectors u modulo phase, i.e., the
Grassmann manifold GC(Nt, 1). The chordal distance (12) is a
metric on the Grassmannian. For properties of metric balls, as
well as geometric and coding properties of the Grassmannian,
see [5], [41].

The vectors u are quantized to a v ∈ V belonging to
the Voronoi cell V (v). A metric ball B(v, r) with radius r
centered at v consists of all u with d(u,v) ≤ r. To simplify
the analysis we assume radially distributed quantization er-
rors; the probability density of quantization error vectors of
an arbitrary u is rotationally invariant and non-increasing in
error magnitude. This means that the direction and magnitude
of the quantization error are independent random variables,

and the distribution may be, e.g., uniform. There is a maximum
quantization error given by H, s.t. the quantization errors are
distributed in a ball B(u, r). We have:

Lemma 2: Consider quantization of a source vector u ∈
GC(N, 1) to a v radially distributed in the ball B(u, r).
Projecting and normalizing u to an m-dimensional subspace
yields us, with |uHus|2 = 1− ε2 for an ε ≤

√
1− r2, while

projecting and normalizing v results in vs. The normalized
projection vs is radially distributed in a ball with radius
r/
√

1− ε2, centered at us, and with the mean us. Denoting
the quantization error after projection as d = d(us,vs), with
the conditional distribution fD|E(d|ε), for any ε > 0 there
is a crossover quantization error dc such that fD|E(d|0) >
fD|E(d|ε) for d < dc, and fD|E(d|0) < fD|E(d|ε) for d > dc.

Proof: Vector u is fixed. Take a point v ∈ B(u, r).
As we are interested in chordal distance, all vectors are
Grassmannian, i.e., they are equivalent under overall phase
rotations. We decompose u and v to components in the
projection subspace and its complement as

u = εuo +
√

1− ε2 us (39)

v = αvo +
√

1− α2 vs (40)

Here, us, uo, vs and vo are all unit norm vectors, and ε and
α represent the fraction of the vectors projected out.

Now fix vs with
∣∣uH

s vs

∣∣ = cos θ for some θ ∈ [0, π/2].
For each vs there is a preimage of vectors v ∈ B(u, r) that
project to vs. It follows from the Cauchy-Schwarz inequality
that

b =
1

ν

(
εuo +

√
1− ε2 cos θ vs

)
(41)

is the closest vector to u in this preimage. Here the normal-
ization is

ν =
√
ε2 + cos2θ(1− ε2) . (42)

The preimage isomorphic to a set of unit vectors up to overall
phase in N −m+ 1 dimensions, i.e. GC(N −m+ 1, 1). For
concreteness, the basis vectors can be taken as uo,vs together
with N −m − 2 null-vectors of the projection orthogonal to
uo. The projection maps all of these vectors to vs. All vectors
a in the preimage should have |uHa|2 ≥ 1 − r2. It follows
again from Cauchy-Schwarz that the vectors in the preimage
with largest chordal distance to b are amax = βb+bo, where
β =

√
(1− r2)/ν2, and b

o
is orthogonal to uo and vs. These

vectors are at chordal distance

rν =
√

1− (1− r2)/ν2 (43)

from b. The preimage is thus an N −m+ 1-dimensional ball
B(b, rν) centered at b. It is easy to convince oneself that
the preimages of all vs are distinct, recalling that the overall
phases of both v and vs are irrelevant.

For a given ε there exists a smallest θ for which the ball has
non-negative radius, θmin = arccos

√
(1− ε2 − r2)/(1− ε2),

leading to a maximal chordal distance between projections:

d2(us,vs) ≤ rs =
r√

1− ε2
. (44)

The probability density at vs is an integral over the preimage
B(b, rν). For any vs at fixed distance from us, i.e. fixed
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θ, the geometry and the probability density in the preimage
are the same. The probability of vs thus only depends on
d(us,vs); we have f(vs) ∼ fΘ|E

(
arccos

(
|vH

s us|
)
|ε
)

for
some fΘ|E(θ|ε).

Now, from (41) and (43) we see that, for fixed ε the
radius of B(b, rν) decreases with θ, while the distance of
b from uo grows. The ball always has a point with maximum
chordal distance r from u, which has the smallest probability
density, while the probability density at the center, b, decreases
with θ. Furthermore, the integration measure in the preimage
decreases with increasing α as

√
1− α2. The attenuation due

to the integration measure thus increases with distance from uo

in GC(N −m+ 1, 1). As a consequence, the probability of vs

decreases monotonically with θ. The larger θ is, the smaller a
ball is integrated over, the smaller are the probability densities
in the preimage integrated over, and the larger is the attenu-
ation

√
1− α2 due to the integration measure. Accordingly,

the probability distribution of vs is radial, centered at us, and
thus averaging to us.

To complete the proof, the distributions for different ε
have to be addressed. At θ = 0, the factor

√
1− α2 in

the integration measure decreases with ε. Thus fΘ|E(0, ε)
monotonically decreases with ε. With increasing θ, the radius
to integrate over in the preimage grows with ε. As a conse-
quence, if fΘ|E(θ1, ε1) > fΘ|E(θ1, ε2) for ε1 < ε2, we also
have fΘ|E(θ2, ε1) > fΘ|E(θ2, ε2) for θ2 < θ1. For θ > r,
fΘ|E(θ, 0) = 0, while for ε > 0, there is probability mass in
a range of θ > r, according to (44).

Corollary 2: Consider arbitrary projections Π of a positive
semi-definite matrix R, with an ensemble of radial quantiza-
tions V of the eigenvectors such that the quantization v of u is
in a ball B(u) with radius r ≤ 1/

√
2. The expected Rayleigh

Quotient (RQ) Ev∈B(u)

{
vHΠR Πv/vHΠv

}
is maximized

for u the largest eigenvector e of ΠRΠ.
Proof: The eigenvector e lies in the projected space, thus

Lemma 2 holds for it with ε = 0, while for an arbitrary u,
generically ε > 0. Denote the quantizations of these ê and û.
From the lemma, the distribution of Πê is in a Be centered at
e with quantization error distribution f0(θ), while Πû is in Bu
centered at Πu with a larger radius and a wider distribution
fε(θ).

The RQ is generically non-convex, but in a ball with chordal
distance radius 1/

√
2 around the largest eigenvector e it is

convex. Be lies in this convexity region. Moreover, for any
great circle going through e, the value of the quotient on the
circle at any point outside this ball is less than the values of
the circle within this ball. The same holds for the circle arising
from rotating any point in this ball in the plane spanned by the
two largest eigenvectors. Applying this in reverse order to each
eigendirection except e, one may rotate Bu to be centered at
e. As the probability distribution is radial, the expectation of
the RQ does not decrease. Finally, by changing the distribution
from fε to f0, the expectation again does not decrease due to
the great circle property.

Now we are equipped for proving Proposition 2.

Proof: As orthogonalization of W does not affect its pro-
jection metric, for OWP we compare the projection distortion

of a W created using QR-decomposition of the form (20) on
the feedback matrix V, resulting in an upper triangular C.

For both OWP and SWP we have orthogonal Nt × K -
matrices W with columns wj . Their Nt × j submatrices
are denoted by Wj = [w1, . . . ,wj ], and the corresponding
projectors (35) to perpendicular spaces are Π⊥j = I−WjW

H
j .

The projection distortion can be decomposed as

dp(W, R̃) = 1−
K∑
j=1

wH
j R̃wj . (45)

In both OWP and SWP, wj is selected by quantizing an
eigenvector with the closest vector in a vector codebook V . In
SWP, the resulting codeword is explicitly projected by Π⊥j−1

and normalized. In OWP with upper triangular C, exactly the
same happens. Thus both for SWP and OWP, the projection
distortion can be characterized as

dp = 1−
K∑
j=1

µj(vj) (46)

µj(v) =
vHΠ⊥j−1R̃Π⊥j−1v

vHΠ⊥j−1v
, (47)

where µj is a Rayleigh Quotient (RQ) of R̃ in the subspace
projected by Πj−1. For fixed Wj−1 and infinite granularity,
the RQ would be maximized by the largest eigenvector ej,1
of Π⊥j−1R̃Π⊥j−1. With a finite granularity codebook V , we
consider three candidate codewords:

vmax = arg max v∈V µj(v)
v⊥ = arg min v∈V d(e1,j ,v)
vu = arg min v∈V d(uj ,v) .

The first by definition minimizes the contribution of wj to the
projection distortion, given the previous vectors Wj−1. Find-
ing it would require computing the RQ for each element in V .
The second, v⊥ is the result of steps 7-8 in Algorithm 1, while
vu is the codeword selected in OWP before orthogonalization.

By construction µj(vmax) ≥ µj(v⊥) and µj(vu). From
Corollary 2, we have ER̃ {µj(v⊥)} ≥ ER̃ {µj(vu)}. As u
comes from a continuous distribution, however, equality has
probability 0.

Now compare the projection distortion as a sum (46) over
quantized codewords vj for OWP and SWP. After j terms
have been summed, the projector for OWP is Π̃j and the
one for SWP Πj . The expectation of the remaining terms
for OWP,

∑N
k=j+1 µk(vk) does not change if Π̃j is replaced

with Πj . The reason for this is that the difference between
Πj and Π̃j on the remaining eigenvectors uk for k > j is
due to differences in quantization errors, which produce the
same result on average. Considering this after each j in the
sum (46) completes the proof.
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